Abstract: This paper discusses the matching conditions as introduced in two recently developed methods for stabilization of underactuated mechanical systems. It is shown that the controlled Lagrangians method is naturally embedded in the IDA-PBC method. The integrability of the latter method is studied in general.
INTRODUCTION
In a number of recent papers a new method has been introduced for stabilizing underactuated mechanical systems. The key idea of the method is to look for a stabilizing feedback law which renders the closed loop system into another mechanical system, that is, which preserves the physical structure of the system. Such a method is obviously desirable since physical motivations and knowledge can be used to design the feedback law according to the desired properties of the closed loop system. Since the mechanical systems under consideration are underactuated, stabilizing a desired equilibrium point of the system cannot be done by shaping of the potential energy only (as in the case for fully actuated systems). In general one also needs to adjust the kinetic energy of the system, leading to a closed loop mechanical system with a modified total energy.
The method has been developed using the EulerLagrange formalism in (Bloch et al., 1997; Bloch et al., 1998; Bloch et al., 1999; Bloch et al., 2000) , see also Hamberg, 1999; Hamberg, 2000) , and was called the controlled Lagrangians method. The existence of a structure preserving feedback law is determined by the so-called matching conditions. These matching conditions constitute a set of partial differential equations (PDEs), which have to be solved for the closed loop systems' modified total energy function (under the constraint of stabilizing the original underactuated system). If a stabilizing total energy function which solves the PDEs is found, then the corresponding feedback law can be immediately obtained as a result from these data.
Indepently, the analogy of the method using the port-controlled Hamiltonian formalism has been developed in (Ortega et al., 2001a; Ortega et al., 2001b; Ortega et al., 2001c; Gómez-Estern et al., 2001) , and was called the interconnection and damping assignment passivity based control method (IDA-PBC) . The existence of a structure preserving feedback law is again described by a set of PDEs. However, since the class of port-controlled Hamiltonian systems is strictly larger than class of Euler-Lagrange systems, more freedom is obtained in finding solutions of these PDEs. In fact, next to modifying the total energy function of the system, also the internal interconnection structure (corresponding to the Poisson bracket of the system) is allowed to be changed.
In this paper, we describe and compare the matching conditions of both methods. It is shown that for a particular choice of the internal interconnection structure the IDA-PBC method effectively results in the controlled Lagrangians method. This leads to the study of integrable Hamiltonian systems (i.e. transformable to EL systems) which can result from the IDA-PBC method. It is shown that the 'integrable' IDA-PBC method allows to introduce gyroscopic terms in the closed loop system. Finally, some remarks are given on how to translate and extend certain interesting results on the controlled Lagrangians side (in particular the so-called λ-method of ) into the IDA-PBC method. More details on the results of this paper can be found in (Blankenstein et al., 2001 ).
MATCHING OF EULER-LAGRANGE SYSTEMS
Consider a forced Euler-Lagrange system with ndimensional configuration space Q, described by a Lagrangian L :
with rank G = m, defines the force fields corresponding to the input u ∈ R m . The system is called underactuated if m < n. Suppose the objective is to stabilize a desired equilibrium point (q * ,q * ) of this system. In the method of controlled Lagrangians this is pursued by searching for a possible closed loop EulerLagrange system, defined by a Lagrangian L c :
The existence of a feedback law u(q,q) which transforms the system (1) into the closed loop system (2) is given by the so-called matching conditions, which can be described as follows: (2) can be equivalently written as the following set of equations
The matching conditions are described in the following proposition.
Proposition 1. The systems (1) and (2) match if and only if equation (5) holds along solutions of the system (3, 4).
In that case the feedback law is explicitly given by
Taking into account the regularity of the Lagrangians L and L c , the matching conditions can be written as a set of nonlinear partial differential equations, to be satisfied for all (q,q). Therefore write out (1) as
Analogously, (2) can be written as
Then the matching conditions can be translated into the following set of n − m nonlinear PDEs (which can be obtained by equating (7) with (8))
The PDEs (9) have to be solved for the closed loop Lagrangian L c , constrained to the condition of stabilizing the desired equilibrium point (q * ,q * ). Once a (stabilizing) solution L c is found, the feedback law is explicitly given by
where w(q,q) denotes the terms between square brackets in (9). This feedback law is equal to the one in (6). The PDEs (9) are equivalent to the ones obtained in (Hamberg, 2000) . Now, suppose (1) describes an underactuated mechanical system with a Lagrangian defined as the difference between the kinetic and the potential energy
Here M = M T describes the generalized mass matrix of the system. Assume that M is invertible, this is equivalent to L being regular. Following the basic idea of the method, we consider (stabilizing) feedback laws which preserve the mechanical structure of the system. That is, the closed loop system (2) has a Lagrangian of the form
for some modified generalized mass matrix M c = M T c (assumed to be invertible) and potential energy function V c . In this case, the matching conditions (9) split into a set of two coupled nonlinear PDEs (corresponding to the terms dependent, respectively independent, of the velocitiesq)
and
Equation (13) describes the PDEs that have to be satisfied by the closed loop kinetic energy, and is independent of the potential energy V c . Equation (14) describes the PDEs for the potential energy, and depends on the kinetic energy described by M c . A solution (M c , V c ) of these PDEs has to be found which stabilizes the desired equilibrium point (q * ,q * ) of the system. These matching conditions have appeared earlier in Hamberg, 1999) .
Remark 1. The method of controlled Lagrangians was first introduced in (Bloch et al., 1997; Bloch et al., 1998; Bloch et al., 2000) within the context of mechanical systems with symmetry. Next to preserving the mechanical structure of the system, the feedback law is designed to preserve the symmetries of the system. In particular, the potential energy is left unchanged. Extensive computations lead to matching conditions again described by a set of nonlinear PDEs. These PDEs can be very nicely interpreted in terms of the PDEs (13, 14) describing the matching of kinetic and potential energy, see (Blankenstein et al., 2001 ) for more details.
MATCHING OF HAMILTONIAN SYSTEMS
Consider a port-controlled Hamiltonian system of the formż
where z ∈ M (a manifold), J(z) = −J T (z) is a skew-symmetric matrix describing the internal interconnection structure of the system, g(z) : R m → T z M is a full rank matrix describing the input vector fields corresponding to the input u ∈ R m and H(z) is the Hamiltonian (or energy) function of the system. Analogously to the method of controlled Lagrangians, the IDA-PBC method uses the idea of stabilizing a desired equilibrium point z * of the system by considering structure preserving feedback laws. That is, the closed-loop system is described by the equationṡ (16) is determined by the solvability of following matching conditions (17) where g ⊥ (z) denotes a full rank left annihilator of g(z). These matching conditions have appeared in (Ortega et al., 2001a; Ortega et al., 2001b) . The matching conditions (17) constitute a set of n − m nonlinear PDEs which have to be solved for H d and J d such that z * is a stable equilibrium point of the closed loop system (16). Once a stabilizing solution (H d , J d ) is found, the corresponding feedback law is explicitly given by
In the following the method is applied to the class of underactuated mechanical systems, see (Ortega et al., 2001c) . A mechanical system can be described by a port-controlled Hamiltonian system of the form (15),
where (q, p) (consisting of configuration coordinates q and impulses p) denote local coordinates for the state space M = T * Q, with Q R n denoting the configuration space of the mechanical system. The matrix G(q) :
defines the force fields corresponding to the input u ∈ R m . The Hamiltonian function H(q, p) is given by the total, i.e. kinetic plus potential, energy in the system
where M = M T describes the generalized mass matrix of the system, and is assumed to be invertible. Since we are interested in preserving the structure of the system, we propose the shaped Hamiltonian function H d (q, p) to be again of the form (20),
for some shaped generalized mass matrix
(assumed to be invertible) and potential energy function V d (q). On the other hand, the internal interconnection structure of the system is allowed to be modified into the form
for some skew-symmetric matrix J 2 (q, p) (acting as an extra design parameter). Notice that the first row of J d is determined by the fact that the relationq = M −1 (q)p should also hold in closed loop, sinceq is a nonactuated coordinate. Then, system (16) becomes
The matching conditions (17) yield (20) and (21) these PDEs spilt into the following set of two coupled nonlinear PDEs
Analogously to the controlled Lagrangians method, equation (25) 
INTEGRABILITY OF THE IDA-PBC DESIGN
Since the class of port-controlled Hamiltonian systems is strictly larger than the class of EulerLagrange systems, the matching of Euler-Lagrange systems is a special case of the matching of Hamiltonian systems. That is, the controlled Lagrangians method is embedded in the IDA-PBC method. In this section it is shown that, with respect to mechanical systems, for a particular choice of the design parameter J 2 , the IDA-PBC method effectively results in the controlled Lagrangians method. Furthermore, the integrability of the IDA-PBC design is studied in general.
Consider an underactuated mechanical system described by the Euler-Lagrange equations (1) together with a Lagrangian of the form (11). The system (1, 11) can be equivalently written as the port-controlled Hamiltonian system (19, 20) , with the impulse variables defined by p = M (q)q. Next, consider the closed loop Euler-Lagrange system (2) together with the closed loop Lagrangian (12). Analogously, this system can be written as the following port-controlled Hamiltonian system, where the closed loop impulse variables are defined by p c = M c (q)q:
together with the closed loop Hamiltonian function
It is now clear that the IDA-PBC method results in the same closed loop system (and therefore the same feedback law) as the controlled Lagrangians method if and only if the closed loop Hamiltonian system (21, 23) is equivalent to the Hamiltonian system (27, 28).
